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We consider a weakly interacting two-component Fermi gas of dipolar particles (magnetic atoms or polar
molecules) in the two-dimensional geometry. The dipole-dipole interaction (together with the short-range in-
teraction at Feshbach resonances) for dipoles perpendicular to the plane of translational motion may provide a
superfluid transition. The dipole-dipole scattering amplitude is momentum dependent, which violates the An-
derson theorem claiming the independence of the transition temperature on the presence of weak disorder. We
have shown that the disorder can strongly increase the critical temperature (up to 10 nK at realistic densities).
This opens wide possibilities for the studies of the superfluid regime in weakly interacting Fermi gases, which
was not observed so far.
PACS numbers:
I. INTRODUCTION
The last decades were marked by profound achievements in
the physics of ultracold atomic Fermi gases. The key circum-
stance was the use of Feshbach resonances (magnetic field de-
pendence of the interaction amplitude) allowing one to change
the interaction strength in a wide range, even from an infi-
nite repulsion to infinite attraction1. Experiments with two-
component Fermi gases have reached the strongly interacting
regime and identified a superfluid transition in this regime2,3,
which brings in analogies with neutron stars and supercon-
ductors. However, experimental studies did not achieve the
weakly interacting Bardeen-Cooper-Schrieffer (BCS) regime:
for common densities n . 1014 cm−3 the superfluid transition
temperature Tc would be about a nanokelvin or lower, i.e. be-
yond experimental reach.
Possibilities to manipulate the superfluid transition temper-
ature, in particular by manipulating the external confining po-
tential, was always at the core of the studies3. In the present
stage, after the observation of Anderson localization in dilute
clouds of neutral atoms in disorder4,5, the behavior of disor-
dered ultracold quantum gases became a rapidly growing do-
main of research6–8. One of the key questions is how the su-
perfluid transition temperature of a two-component Fermi gas
can be modified by introducing a disorder. This question finds
some answers in condensed matter studies9–16. For a weak
short-range interaction, where the interaction amplitude is
momentum independent, in a weak disorder (kF l  1, where
kF is the Fermi momentum, and l the mean free path) one has
the Anderson theorem9 : the BCS transition temperature is
disorder independent. In a later stage, this statement was jus-
tified by Abrikosov and Gor’kov10 within the diagrammatic
approach. However, the works9,10 do not take into account
weak localization effects17, which change the fermion self-
energy and the density of states. Including these corrections
the disorder leads to a moderate increase of the BCS transition
temperature (in the absence of Coulomb interactions)15,16.
In this paper we consider a two-component two-
dimensional (2D) gas of dipolar fermions (magnetic atoms or
polar molecules) in a weak disorder, assuming that the dipoles
are perpendicular to the plane of the translational motion. This
can be a mixture of two different isotopes of magnetic atoms
in the lowest Zeeman states (for example, fermionic isotopes
of dysprosium which has magnetic moment of 10µB, and we
will omit a small difference in masses of these isotopes). In
this geometry the dipole-dipole interaction amplitude by itself
consists of a fairly large short-range repulsive contribution18
and a long-range attractive momentum-dependent contribu-
tion, so that the total amplitude is positive. However, the
short-range repulsion (complemented by the non-dipole con-
tribution) can be strongly reduced or even converted to attrac-
tion by using Feshbach resonances. This can make the total
interaction amplitude attractive and provide a superfluid tran-
sition like in bilayer dipolar systems21. Since the amplitude is
now momentum-dependent, in the presence of weak disorder
the Anderson theorem does not work.
Strictly speaking, in two dimensions we have the Kosterlitz-
Thouless superfluid phase transition. However, in the weakly
interacting regime the transition temperature is very close
to that calculated in the Bardeen-Cooper-Schrieffer (BCS)
approach22. We find that the momentum dependence of the
interaction amplitude by itself may lead to a significant in-
crease of the BCS transition temperature in the presence of
disorder. The weak localization corrections work in the same
direction. As a result, the BCS transition temperature can be
strongly increased by the disorder, which opens wide possibil-
ities for the observation of superfluidity in weakly interacting
Fermi gases of magnetic atoms and/or polar molecules.
The paper is organized as follows. In section II we present a
general formalism for studying the Cooper pairing instability
in the presence of disorder. Section III contains our derivation
of the critical temperature Tc omitting weak localization cor-
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2FIG. 1. Diagrammatic representation for the susceptibility χ. The
upper and lower lines correspond to fermionic Green functions and
the wavy lines correspond to the interaction potential V(r1, r2).
rections. These corrections are taken into account in section
IV, where we present the final result for the increase of Tc by
the disorder. In section V we conclude.
II. COOPER PAIRING INSTABILITY IN DISORDERED
FERMI SYSTEMS. GENERAL FORMALISM
The threshold of the Cooper pairing instability in a sys-
tem of weakly interacting two-component fermions is deter-
mined by a singularity that occurs at a critical temperature
Tc in the susceptibility function χ(r, r¯; r′, r¯′), which describes
the system response 〈ψ↑(r)ψ↓(r¯)〉 to a perturbation of the form∫
dr′dr¯′ψ†↑(r
′)ψ†↓(r¯′)h(r
′, r¯′). Here ψ↑(r) and ψ↓(r) are annihi-
lation operators of fermionic components, let say spin up and
spin down. For weakly interacting fermions the diagrammatic
representation of χ corresponds to a series of ladder diagrams,
where the upper and lower fermionic lines are connected by
non-intersecting (wavy) lines associated with the interaction
potential V(r1 − r2), see Fig. 1. Symbolically, the ladder se-
ries corresponds to an infinite sum
B˜ + B˜(−V)B˜ + B˜(−V)B˜(−V)B˜... = B˜[I + VB˜]−1, (1)
where
B˜ = Tc
∑
εn
B(εn), (2)
and B(εn) is an elementary block of two fermionic Green func-
tions: B(εn) = G(εn)G(−εn). The summation in Eq.(2) runs
over the fermion Matsubara frequencies εn = 2piTc(n + 1/2),
n = 0,±1, .... In a clean system (without any disorder), the in-
stability of the ladder series corresponds to a zero eigenvalue
of a linear integral operator I+VB˜ or, in other words, to the ex-
istence of a non-zero eigenfunction ∆ obeying the (symbolic)
equation
∆ = −VB˜∆, (3)
which is the standard equation for Tc.
In the presence of disorder, one should associate the insta-
bility threshold with the singularity of the susceptibility func-
tion χ averaged over the disorder. In the case of a weak disor-
der (such that kF l  1), the operator B˜ in the equation for ∆ is
replaced with a new operator B˜. There are two kinds of modi-
fications. First, the elementary block B(ε) is replaced with its
disorder averaged value
Bav(εn) =< G(εn)G(−εn) >, (4)
After the summation over the Matsubara frequencies this
block gives a contribution B˜av = Tc
∑
εn B(εn) to the integral
operator
B˜ = B˜av + δB˜ (5)
of the disordered system. The second contribution
δB˜ = δB˜Σ + δB˜V , (6)
originates not from averaging the elementary block but from
the disorder-induced corrections δΣ to the fermion self-energy
and to the fermion interaction V (the so called vertex cor-
rections). These ”weak localization” (WL) corrections were
studied quite some time ago. Corrections to the self-energy
and the corresponding WL corrections to the density of states
were considered in the pioneer paper17. The influence of
WL corrections on the critical temperature of superconduct-
ing transition was explored in15 and in the later work16. We
shall discuss the significance of these corrections later. The
relative smallness of the disorder-induced corrections allows
one to calculate them independently of each other.
In the present section and in the next one we are return-
ing to the study of the first kind of corrections to Tc, which
are caused by the contribution B˜av (4) to the kernel B˜. These
corrections are sensitive to the particular spatial dependence
of the interaction potential. For instance, they are absent
for the contact interaction (in accordance with the Anderson
theorem9). On the contrary, we will show that for the dipole-
dipole interaction that we are interested in the corrections are
nonzero and can dominate over the WL corrections. Details
of the calculation are presented in the next section. Here we
only describe the structure of the averaged block Bav(εn). As
is well known, the leading correction to the averaged (over a
weak disorder) product of two Green functions with opposite
frequencies and incident wave vectors is given by the ladder of
parallel impurity lines connecting two fermionic lines. Such
a ”Cooperon” installation bears the total zero momentum and
depends on the difference between the two frequencies, εn and
−εn, i.e., on 2εn. Thus, the averaged block Bav(εn) has the
form
Bav(εn) = B0(εn) + B0(εn)Γ(εn)B0(εn), (7)
where B0(εn) = 〈G(εn)〉〈G(−εn)〉 is the product of two
disorder-averaged Green functions (a more detailed definition
is given below in Eq.(13)), and the quantity
Γ(εn) = γ
1 + 2τ|εn|
2τ|εn| , (8)
results from the Cooperon carrying zero total momentum23.
The parameter γ comes from the correlation function for a
short range disorder potential U(r), namely < U(r)U(r′) >=
γδ(r−r′). The time τ is the inverse disorder-induced scattering
rate 1/τ = 2piρFγ, and ρF is the density of states on the Fermi
surface.
3III. DERIVATION WITHOUT WL CORRECTIONS
Taking into account only the averaged block B˜av in Eq.(5)
we rewrite the equation ∆ = −VB˜∆ at T → Tc in the form
∆(r − r′) = −V(r − r′)T
∑
ωn
∫
dr1dr2
〈G(r, r1;ωn)G(r2, r′;−ωn)〉∆(r1 − r2),
(9)
or in the momentum representation
∆(k) = −
∑
p,k′
V(k − p)T
∑
ωn
〈G(p,k′;ωn)G(k′,p;−ωn)〉∆(k′),
(10)
where the normalization volume is put equal to unity. After
averaging over the disorder and using Eqs. (7) and (8) we
obtain
∆(k) = −
∑
p,k′
V(k − p)T
∑
ωn
[[
δp,k′ + G¯(p, ωn)G¯(p,−ωn)γ(1 + 2|ωn|τ)2|ωn|τ
]
G¯(k′, ωn)G¯(k′,−ωn)
]
∆(k′), (11)
where the averaged Green function is
G¯(k, ωn) =
1
iωn + i2τ sgnωn − ξk
, (12)
with ξk = k
2
2m − µ, and µ the chemical potential (hereinafter
~ = 1).
We now represent ∆(k′) in the rhs of Eq.(11) as ∆(p) +
[∆(k′) − ∆(p)] and argue later that the second term gives a
small contributions and can be neglected.
Then we make a summation over k′ by using the identity
B0(εn) =
∑
q
G¯(q, ωn)G¯(q,−ωn) = γ
−1
1 + 2|ωn|τ , (13)
and arrive at the equation:
∆(k) = −2Tc
∑
n≥0
∫
d2p
(2pi)2
V(k − p)∆(p)
(
1 + 12ωnτ
)
ξ2 +
(
ωn +
1
2τ
)2 , (14)
with ωn = piTc(2n+1). After the summation over the frequen-
cies we obtain:
∆(k) = −
∫
d2p
(2pi)2
V(k − p)∆(p)K(p), (15)
where
K(p) =
i
2pi
Ψ
(
1
2 − izp2piTc
)
− Ψ( 12 )
zp
+ c.c., (16)
Ψ(x) ≡ Γ′(x)/Γ(x) the digamma function, zp = ξp + i2τ , and
near the Fermi surface one has ξp ≈ vF(p − pF) with vF being
the Fermi velocity. We then have
ImΨ
(
1
2
+
iξ
2piTc
)
=
pi
2
tanh
ξ
2Tc
,
K(p) =
1
pi
1
ξ2p +
1
(2τ)2
[
1
2τ
Re
[
Ψ
(
1
2
+
iξp
2piTc
+
1
4piτTc
)
− Ψ
(
1
2
)]
+ ξp Im
[
Ψ
(
1
2
+
iξp
2piTc
+
1
4piτTc
)]]
. (17)
In the limit of 1/τ→ 0 we have
K(p)→
tanh ξp2Tc
2ξp
≡ K0(p) (18)
Note that for the contact potential (momentum independent)
V(p) = const the transition temperature is independent of the
disorder (Anderson theorem). To see this we should shift the
integration contour as ξ → ξ − i/2τ in Eq.(15) and use ana-
lytical properties of the digamma function. As a result we get
4the clean case equation.
Using the relation between the potential V(k′ − k) and the
off-shell scattering amplitude f (k′,k):
f (k′,k) = V((k′ − k) +
∫
d2q
(2pi)2
V(k′ − q) f (q,k)
2(Ek − Eq − i0) , (19)
we find (see, e.g.24)
∆(k) = −
?
d2k′
(2pi)2
f (k′,k)∆(k′)
[
K(k′) − 1
2(Ek′ − Ek)
]
.
(20)
Expanding the order parameter ∆(k) and the scattering am-
plitude in a series over the states with different orbital quan-
tum numbers: ∆(k) =
∑∞
m=−∞ ∆m(k) exp(imφk); f (k′,k) =∑∞
m=−∞ fm(k′, k) exp[im(φk′ − φk)], we focus on the s-wave
symmetry (m = 0) of the order parameter and (omitting in-
dex m = 0) obtain from Eq.(20):
∆(k) = −
?
kdk
2pi
f (k′, k)∆(k′)
[
K(k′) − 1
2(Ek′ − Ek)
]
, (21)
with the amplitude f (k′, k) given below.
The scattering amplitude contains two terms, due to the lo-
cal and nonlocal (dipole-dipole) interactions. For the s-wave
scattering the nonlocal part is given by the integral∫ d20
r3
(J0(k′r)J0(kr) − 1)2pir dr
= 2pid2
{ −kF(−1/2,−1/2, 1, k′2/k2), k′ < k
−k′F(−1/2,−1/2, 1, k2/k′2, k < k′ .
(22)
Since the hypergeometric function slowly varies in the interval
(0,1): 1 < F(..., x) < 4/pi, we put approximately F(..) = 4/pi,
which is the value on the Fermi surface, so that
f (k′, k) = F0 − 8d2max(k, k′), (23)
and f (kF , kF) ≡ f0 = F0 − 8d2kF < 0. The local part F0
is momentum independent18 and can be varied by the use of
Feshbach resonances.
To find the critical temperature we use the ansatz for the or-
der parameter (see24), which follows from Eq. (21) assuming
that the main contribution to the integral comes from k′ close
to kF :
∆(k) = ∆(kF)
f (kF , k)
f (kF , kF)
. (24)
For k = kF Eq.(21) takes the form
1 = −
?
d2k′
(2pi)2
( f (k′, kF))2
f (kF , kF)
[
K(k′) − 1
2(Ek′ − EF)
]
, (25)
Near the Fermi surface we have
Ek − EF ≡ ξk ≈ vF(k − kF);
∫
d2k
(2pi)2
≈
∫
m
dξ
2pi
, (26)
and
f (k′, kF) = f0 − 8d
2
vF
ξk′θ(k′ − kF). (27)
After the integration in Eq.(25) we obtain the equation
λ ln TcT 0c =
1
kF l
2kFr∗
pi2
[
ln2 µ2piTc − 2Ψ
(
1
2
)
ln µ2piTc
]
+ 1kF l
4(kFr∗)2
pi3λ
[
2 ln µ2piTc − 2 − 2Ψ
(
1
2
)]
− 1(kF l)2
(kFr∗)2
pi2λ
ln 2µe
C
piTc
, (28)
where the mean free path is l = vFτ, C = −Ψ(1) = 0.577,
and r∗ = md2 is the dipole-dipole distance. The quantity T 0c =
2µeC
pi
exp(−1/λ) is the critical temperature in the absence of
disorder, and λ = | f0|m/2pi  1. Detailed calculations leading
to Eq.(28) are given in the Appendix.
The terms in the rhs of Eq.(28) should be small (strictly
speaking, much smaller than unity). It is this condition that
allows us to omit higher order disorder corrections, i.e. terms
that are higher order in 1/kF l. In the BCS regime one has
ln(µ/Tc) ∼ 1/λ  1 and, hence, the second term in the first
line of the rhs of Eq.(28) can be omitted. As we consider
the case where kFr∗  1 and kF l  1, the last two terms
in the rhs of Eq.(28) contain additional small parameters kFr∗
and kFr∗/kF l, and can also be neglected. Thus, equation (28)
reduces to
ln
Tc
T 0c
≈ 2r∗
pi2l
1
λ3
, (29)
and the rhs of Eq.(29) should be significantly smaller than 1/λ.
For r∗/l = 0.2, decreasing λ from 0.2 to 0.15 we obtain Tc/T 0c
increasing from 1.3 to 1.8. Importantly, comparing the result
of Eq.(29) with that of original equation (28) we see that the
former is valid within a few percent of accuracy. Note that
we used the simplified equation (14) instead of Eq.(11). A
simple but cumbersome calculation shows that omitted terms
give only a small contribution to the third line in the rhs of Eq.
(28).
IV. INFLUENCE OF WEAK LOCALIZATION
CORRECTIONS ON THE DISORDER-INDUCED
INCREASE OF Tc
The WL corrections for the disorder-induced change of the
critical temperature Tc have been calculated in Refs.15,16. The
WL corrections by themselves lead to the following ratio of Tc
to the critical temperature Tc0 in the system without disorder:
ln
(
Tc
T 0c
)
WL
=
(3gF − g0)ρF
4piEFτ
ln2
(
1
τTc
)
− (gF + g0)ρF
6piEFτ
ln3
(
1
τTc
)
.
(30)
The quantity gF is defined as gF ≡ V(k − k′), where the bar
means the angular average of the interaction potential (in the
5FIG. 2. An example of a diagram contributing to the self-energy WL
correction. Here the double dashed lines correspond to the diffuson
(ladder) propagator.
FIG. 3. An example of a diagram contributing to the vertex WL
correction. Here the double dashed lines correspond to the Cooperon
(ladder) propagator.
momentum representation) on the Fermi surface, k = k′ = kF .
The quantity g0 is V(q = 0), i.e., the interaction potential
with zero momentum transfer. The first term in Eq.(30) results
from the self-energy WL corrections, whereas the second one
originates from the vertex WL corrections. Some of the corre-
sponding diagrams are shown in Fig. 2, 3. The paired dashed
lines there resemble schematically the ladder diagrams con-
nected by the disorder lines (so called diffuson and Cooperon
diagrams). Equation (30) has been derived under the assump-
tion τTc  1, where the Cooperon and diffusons are large
in the low momentum and low energy limit. The condition
τTc  1 means that the mean free path l = vFτ is small com-
pared to the correlation length vF/Tc, i.e., the motion has a
diffusive character. In this diffusive regime ln
(
1
τTc
)
 1, so
that the second term in Eq.(30) should be considered as the
leading one.
We first express the quantities gF and g0 in terms of the
scattering amplitude by using the relation between the poten-
tial V(k′ − k) and the off-shell scattering amplitude f (k′,k).
In the lowest order (appropriate for the discussed corrections)
one has V(k′ − k) ≈ f (k′,k). Hence, the quantity gF coin-
cides with the on-shell amplitude of the l = 0 channel, i.e.,
gF = fl=0(kF , kF). This amplitude, denoted as f0, is given by
Eq.(23) with k = k′ = kF in the previous section. Hence, we
have
gFρF =
f0m
2pi
= −λ. (31)
The quantity g0 coincides with the on-shell amplitude of the
forward scattering: g0 = f (k,k) with k = kF . This amplitude
is represented as a sum of partial scattering amplitudes with
all momenta l:
f (k,k) = fl=0(k, k) +
∑
l,0
fl(k, k) (32)
The scattering amplitudes with l , 0 can be omitted for the
short-range interaction, and for the dipole-dipole tail in 2D
they have been calculated in25. In the limit kFr∗  1, the
leading contribution to these partial amplitudes comes from
large distances where the interaction can be treated in the first
Born approximation:
fl,0(k; k) ≈ 8kr∗m
1
4l2 − 1 . (33)
Making a summation over l in Eq.(33) we arrive at the expres-
sion for the quantity g0:
g0 = f0(kF) +
8kFr∗
m
= f0(kF) + 8kFd2, (34)
and, respectively,
g0ρF = −λ + 4kFr∗
pi
. (35)
Relative smallness of the WL corrections allows one to re-
place Tc by T 0c in the rhs of Eq.(30) and to represent the latter
in the form
ln
(
Tc
T 0c
)
WL
≈ 2λ − 4kFr∗/pi
3pikF l
ln3
(
1
τT 0c
)
, (36)
where we have kept only the leading term with the third power
of the large logarithm. Equation (36) originates from the ver-
tex corrections and can be interpreted as a renormalization of
the coupling constant: λ → λ + δλ, where δλ
λ
∼ 1kF l ln
(
1
τT 0c
)
.
To provide the validity of the approach, the relative correction
δλ/λ should be small. This requirement results in the condi-
tion
kF l  ln
(
1
τT 0c
)
=
1
λ
+ ln
(
pie−γ
kF l
)
 1. (37)
Making a summation of the correction to ln(Tc/Tc0) due
to the momentum dependence of the dipole-dipole scattering
amplitude and the WL correction we arrive at the final result:
ln
(
Tc
T 0c
)
≈ 2r
∗
pi2lλ3
+
2λ − 4kFr∗/pi
3pikF l
[
1
λ
+ ln
(
pie−γ
kF l
)]3
. (38)
The validity of our approach requires several conditions, in-
cluding Eq.(37) and kFr∗  1.
For instance, for the choice λ = 0.2, r∗/l = 0.01, kFr∗ =
0.1, and kF l = 10 we obtain an appreciable increase of the crit-
ical temperature: Tc ≈ 1.4T 0c . Moreover, decreasing λ to 0.15
we find Tc ≈ 2.3Tc0. In these cases and also for intermediate
values of λ the correction to Tc caused by the momentum de-
pendence of the dipole-dipole interaction amplitude exceeds
the WL correction.
6We thus see that the momentum dependence of the am-
plitude of long-range dipolar interaction is crucial for the
disorder-induced increase of the critical temperature, and the
overall ratio Tc/Tc0 may exceed factor 2 for realistic parame-
ters.
V. CONCLUSIONS AND OUTLOOK
In conclusion, we have shown that the superfluid transition
temperature of a weakly interacting two-component dipolar
Fermi gas can be strongly increased by introducing disorder in
the system. The origin of this phenomenon lies in the density
fluctuations caused by the disorder. Our results can be tested
in experiments with magnetic atoms and/or polar molecules.
Consider a mixture of dysprosium fermionic isotopes, 161Dy
and 163Dy, with equal concentrations and in the lowest Zee-
man states. In the 2D geometry obtained by strongly confining
the atoms in one direction, we orient their magnetic moments
(equal to 10µB) perpendicularly to the plane of translational
motion and thus create the system described in the previous
sections. For dysprosium atoms we have r∗ ' 200 angstroms
and for the 2D density n = 109 cm−2 of each of the compo-
nents the Fermi momentum and energy are kF ' 1.1 × 105
cm−1 and EF = k2F/2m ' 300 nK, so that kFr∗ ' 0.22. Select-
ing the disorder such that the mean free path is l = 6 × 10−5
cm and, hence, kF l ' 7 and arranging λ = 0.25 with the use
of Feshbach resonances, equation (38) yields Tc ' 2Tc0. At
densities specified above the superfluid transition temperature
is Tc0 ' 5 nK and, accordingly, the critical temperature in the
presence of disorder will be close to 10 nK. These tempera-
tures are realistic for ongoing experiments with Fermi gases
and they have already been achieved26,27. In principle, we can
decrease λ and obtain a significantly larger ratio Tc/Tc0. How-
ever, the absolute values of the critical temperature will be sig-
nificantly lower and likely beyond experimental reach. Future
prospects may concern various types of geometries, for exam-
ple a bilayer system of dipolar fermions. In this case Cooper
pairs can be formed by fermions belonging to different layers
and transform to interlayer bosonic dimers with decreasing
the interlayer spacing21. The influence of disorder on the su-
perfluid transition temperature in this case requires a separate
analysis.
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Appendix: Calculation of the disorder-induced increase of the
critical temperature due to momentum dependence of the
interaction amplitude
In order to obtain Eq.(28) of the main text we will rely on
equations (16), (25) - (27), and use the following relations for
digamma function Ψ(z):
Ψ
(
1
2
+ ix
)
− Ψ
(
1
2
− ix
)
= ipi tanh(pix), (A.1)
Ψ
(
1
2
+ ix
)
+ Ψ
(
1
2
− ix
)
− Ψ
(
1
2
)
=
{
16.8x2, x  1
2 ln x − 2Ψ
(
1
2
)
− 112x2 , x  1 .
(A.2)
∫ (
Ψ
(
1
2
+ ix
)
+ Ψ
(
1
2
− ix
))
dx = i ln
Γ( 12 − ix)
Γ( 12 + ix)
 , (A.3)
∫ a
0
(
Ψ
(
1
2
+ ix
)
+ Ψ
(
1
2
− ix
)
− Ψ
(
1
2
))
dx
x
w ln2 a − 2Ψ
(
1
2
)
ln a, for a  1, (A.4)
We then rewrite Eq. 25 in the form
1 = −
?
d2k
(2pi)2
( f (k, kF))2
f (kF , kF)
[
K0(k) − 12(Ek − EF)
]
−
?
d2k
(2pi)2
( f (k, kF))2
f (kF , kF)
[K(k) − K0(k)] , (A.5)
The first line in (A.5) is the equation for the critical tempera-
ture T 0c in the absence of a disorder. The second line contains
1/τ corrections originating from the momentum dependance
of the interaction amplitude. Near the Fermi surface we have
relations (26) and (27) and rewrite the first term in the second
line of Eq. (A.5) as
?
d2k
(2pi)2
( f (k, kF))2
| f0| K(k) =
? Λ
0
m
dξ
2pi
1
| f0|
( f0 − 8d2vF ξ
)2
− f 20

 12pi
Ψ
(
1
2 −
i(ξ+ i2τ )
2piTc
)
− Ψ
(
1
2
)
−i
(
ξ + i2τ
)
 + c.c. (A.6)
To calculate the last integral we use analytical properties of the Ψ(w) in the complex plane w = Rew + iImw. This function
7is holomorphic in the right semi-plane. The integration over
dξ can be considered as the integration along the line AB in
Fig. 4, where w = 1/2 + 1/4piTcτ − iξ/2piTc. As the integral
along the closed contour AB → BB1 → B1A1 → A1A is
equal to zero and the integrals along the lines BB1 and A1A
can be omitted28, the integral along the line AB is equal to the
integral along the line B1A1. This is equivalent to the change
w → w − 1/4piTcτ, or ξ → ξ − i/2τ in Eq.(A.6) which then
takes the form
? Λ
0
m
dξ
2pi
1
| f0|
( f0 − 8d2vF
(
ξ − i
2τ
))2
− f 20

 12pi Ψ
(
1
2 − iξ2piTc
)
− Ψ
(
1
2
)
−iξ
 + c.c., (A.7)
where we put an upper bound Λ ∼ µ having in mind that the integral will be logarithmically divergent.
FIG. 4. Contours of integration in the complex plane w
Substituting the integral of Eq.(A.7) and its complex conju-
gated value into (A.5) we obtain
1− > Λ0 m dξ2pi ( f (k,kF ))2| f0 | [K0(k) − 12ξ ] =
+
> Λ
0 m
dξ
2pi
1
τ
8d20
v f
Ψ
(
1
2 +
iξ
2piTc
)
+Ψ
(
1
2− iξ2piTc
)
−2Ψ( 12 )
2piξ
+
> Λ
0 m
dξ
2pi
1
τ
64d40
| f0 |v2f
Ψ
(
1
2 +
iξ
2piTc
)
+Ψ
(
1
2− iξ2piTc
)
−2Ψ( 12 )
2pi
− > Λ0 m dξ2pi 1τ2 8d40| f0 |v2F tanh ξ2Tcξ . (A.8)
The first line of Eq.(A.5) gives a standard expression
λ ln(Tc/T 0C), where T
0
c =
2µeC
pi
exp(−1/λ) is the critical temper-
ature in the absence of disorder. The second line is calculated
using Eq(A.4) and it gives :
1
kF l
2kFr∗
pi2
[
ln2
µ
2piTc
− 2Ψ
(
1
2
)
ln
µ
2piTc
]
. (A.9)
The third line is calculated by the use of Eq.(A.3):
1
kF l
8(kFr∗)2
pi3λ
µ
vF pF
[
2 ln
µ
2piTc
− 2 − 2Ψ
(
1
2
)]
. (A.10)
The forth line contain a standard integral and it gives
− 1
(kF l)2
(kFr∗)2
pi2λ
ln
2µeC
piTc
. (A.11)
Substituting relations (A.9)-(A.11) into Eq.(A.8) we obtain
Eq. (28) of the main text.
Note that we used approximate relations (26) and (27) valid
near the Fermi surface. However, we checked that the use of
exact expressions for ξ and F(k, kF) leads to practically the
same results.
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